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SUMMARY 
In the design of a servomecnanism it is necessary to compromise 
between conflicting performance requirements. As the relative importance 
of these requirements varies with the "magnitudes of signals within the 
system, the response characteristics of the system would be improved if 
the compromise could be made dependent on these signal magnitudes. The 
problem examined here is the application of thyrite (a nonlinear resistor) 
to a servo-controller to permit such a. compromise. The conflicting re-
quirements considered are those of low rise time, low velocity lag error, 
and small overshoot. 
The experimental system used a synchro error-detector system and 
an amplidyne for the major part of the power amplification. Function 
generators based on the nonlinear characteristics of thyrite were used 
to make the system gain and the tachometric feedback nonlinear functions 
of the magnitude of the error. The general types of nonlinear functions 
used were chosen on the basis of examination of loci for the M point on 
the B versus Bv curves of Mitrovic's method, and consideration of the 
. • o .. • . • 1 . ' 
characteristics of the linear portion of the system. 
Two nonlinear systems were examined: (l) ..a system with constant 
gain and tachometric feedback decreasing with increasing error, and 
(2) a system with saturation on gain and tachometric feedback decreasing 
with increasing error. 
It was concluded that the inclusion of thyrite resistors in a 
control system permitted a more favorable compromise to be made between 
ix 
conflicting requirements. The -two systems examined "both had lover maximum 
velocity lag errors than a linear system with similar overshoot for large 
step inputs. The response of the constant gain nonlinear system to small 
step inputs was overdamped, however. The use of a saturation characteris-
tic on the gain permitted high gain for small error while preventing over-
load for large errors. The higher gain for small error improved the 
response of the system to small input signals and improved the steady-
state accuracy and resistance to load torques. 
The experimental system used thyrite resistors only ,to modify the 
magnitudes of system quantities. The use of thyrite resistors in re-
sistance-capacitance compensation networks would permit time constants 




Classification of control systems.-^Most automatic control systems now 
in use can "be divided into two main groups: (l) systems which apply 
no correction unless the error exceeds a predetermined value and 
maximum correction if this value is exceeded, and (2) systems which 
apply a corrective effort whose magnitude is a continuous function of 
the error. Some major systems not fitting into either classification 
are those which apply fixed values of correction for errors "between 
predetermined limits, and dual-mode systems (which operate as a system 
of the first group for error larger than a predetermined value and as 
a system of the second group for error less than this value). 
Linear and nonlinear systems.--All systems of the first group are non-
linear. Most systems of the second group now in use are nearly linear 
in their operating ranges. The principle of superposition holds for 
linear systems, and they can "be described "by linear differential equa-
tions with coefficients that are not functions of system variables -(l). 
As the characteristics of a linear system are independent of the input 
signal, such a system is useful in applications where the input signal 
varies widely or is unknown. A nonlinear system is more specialized 
than a linear system and can in most cases give faster, more accurate 
Reference symbols refer to the Bibliography. 
response than a linear system of the same degree of complexity for a 
specific type of input signal. 
Statement of the problem.—The problem investigated here is the applica-
tion of a nonlinear resistor;to the improvement of the rise time, over-
shoot, and velocity lag error characteristics of a "basic control system 
2 
of the second group. Circuits containing thyrite resistors are used 
to cause the system gain and the tachometric feedback to vary as chosen 
nonlinear functions of the magnitude of the error. 
Rise timeo--The rise time of a system is a measure of the time required 
for the system to respond to a,, sudden change in the input and is in-
versely proportional to the system bandwidth„<• As the bandwidth of a 
control system is limited by the inertia and viscous friction of the 
load and by time lags in the system components, attempts to reduce the 
rise time by the use of high gains and compensation networks result in 
increased energy storage in the system. This stored energy causes 
larger overshoot. Rise time is defined in terms of a step input of 
position for most control system applications and is the time required 
for the output to increase from ten per cent to .ninety per cent of its 
final value in response to the instant change of input position caused 
by the step input. 
Step inputs for the experimental system correspond to an instant 
change of the control transformer shaft position by an angle equal to 
the value of the step. 
"Thyrite" ds a trademark of the General Electric Company. 
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Overshoot.--The overshoot of a control system is the amount "by which 
the output of the system exceeds the input while responding to a sudden 
change in the input. The overshoot of a system can "be- reduced to any 
desired value "by increasing the damping. The increased damping results 
in larger rise times and velocity lag errors. Overshoot is usually 
defined in terms of a percentage of the input change or in; terms of 
the magnitude of the overshoot for a stated input. 
Velocity lag error.--The velocity lag error of a system is the difference 
which exists "between the output and input positions when the system is 
subjected to a constant velocity input signal. The velocity lag error 
may "be reduced "by decreasing the coefficient of the "s" term in the 
denominator of the open loop transfer function or "by increasing the gain. 
Either of these changes will reduce the damping and increase the over-
shoot. 
CHAPTER II 
THE NONLINEAR FUNCTION GENERATOR 
Basic requirements---To facilitate the modification of the nonlinear 
transfer functions used in the experimental system^ it was' considered 
desirable to isolate the nonlinear function generator as a separate 
circuit. However, a control system designed for a specific applica-
tion would in most cases incorporate the circuits used to generate 
the nonlinear functions into the amplifiers in the controller. To 
make the experimental results more readily applicable to specific 
systems, the use of high gain operational amplifiers has been avoided. 
Characteristics of thyrite (2).--Thyrite is a nonlinear resistance 
material consisting of silicon carbide crystals in a ceramic binder. 
The current in a thyrite resistor is related to the applied voltage 
by 
i =*%.. (1) 
The constant, K, is determined by the size and shape of the resistor and 
by the characteristics of the crystals used. The constant, n, is deter-
mined by the characteristics of the crystals and is available in values 
between 2 and 7 in-commercial units. Although thyrite has a negative 
temperature coefficient of approximately one per cent per degree centi-
grade, equation (l) is a. direct relationship with no thermal lag in-
volved. 
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Characteristics of functions generated with thyrite.--The nonlinear varia-
tion of the current in a thyrite resistor makes possible the generation 
of a wide range of-nonlinear transfer functions "by the use of resistive 
networks containing thyrite resistors„ The circuits to he considered 
here will consist of networks in which only one resistor is a thyrite 
resistor as variations in commercial units make pairs with closely re-
lated characteristics difficult to obtain„ 
The circuit equations for a resistive network containing a thyrite 
resistor are algebraic equations having non-integral exponents., This 
type of equation is not adapted to analytic solution and a point by point 
solution is required, A number of general characteristics of networks 
containing thyrite elements may be noted,, however, to assist in the 
determination of the possible functions obtainable„ 
As the characteristics of a thyrite resistor are not dependent 
on the sign of the applied voltage, a plot of network output as a function 
of input will be symmetrical about the origin',, 
The current in a thyrite resistor increases at a greater rate than 
the terminal voltage for all values of terminal voltage., As the circuit 
is linear with the exception of the thyrite resistor,, the voltage at one 
of the two nodes across which the output voltage is measured will in-
crease at a greater rate than that at the other node for all values of 
input voltage o . : Hence, the output voltage can be zero for at most one 
nonzero magnitude of input voltage. 
Previous use of nonlinear functions obtained with, thyrite.--Most of the 
previous use of thyrite as a nonlinear element of specified characteristics 
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has "been in the analog computer field where there is a continuing search 
for means "by which a square law characteristic can "be provided for use 
in quarter square analog multipliers. Several attempts which have "been 
made to approximate a square law characteristic "by the use of a linear 
resistive network and thyrite resistors are of interest here "because of 
the insight which they give into methods of producing nonlinear functions 
with thyrite resistors, 
Kbvach and Comley (.3) describe an analog multiplier in which 
thyrite resistors are used to provide square law characteristics, A 
thyrite resistor and a linear resistor in series are driven by an 
operational amplifier and the output voltage is measured across the 
linear resistor. Values of the thyrite resistor at two voltages are 
used in calculations to determine the correct value of the linear 
resistor. The circuit equations are kept in linear form by the use of 
logarithms of the current and voltage as variables,. In a subsequent 
paper Kbvach and Comley (h) describe a more general nonlinear function 
generator for analog computer use which uses an operational amplifier 
with networks containing thyrite resistors which have been corrected 
to square law or cubic characteristics by resistive padding. An experi-
mental method of adjusting the corrective resistors is described,, and 
circuits are given for some of the basic functions used in analog. 
computer work, 
A more complex method of approximating a square law characteristic 
is given by Maslov (5),• In this case, a circuit consisting of the 
parallel combination of a linear resistor with the series combination 
of a second linear resistor and the thyrite resistor is driven by the 
input voltageo The output voltage is measured across the thyrite 
resistoro The characteristics of the circuit are made to match the 
square law characteristic at three points "by choice of the values for 
the linear resistors„ Design calculations were made on the "basis of 
solution of the three simultaneous equations obtained by the substitu-
tion of measured values of the resistance of the thyrite resistor at 
three voltages into the transfer function.. 
Difficulties encountered in the use of passive circuits,--In most cases, 
the input and output quantities of the nonlinear network are voltages„ 
Two major exceptions are the use of a nonlinear network as a coupling 
network between a pentode and a following stage, or between a cathode 
follower with low output impedance and a load with low input impedance 
such as the field winding of a tachometer or motor„ As the nonlinearity 
of a thyrite resistor is in the relationship between current and voltage, 
it is necessary for the input̂  voltage to control the current in the 
circuito The output voltage is then measured across an element or ele-
ments of the circuit through which a portion of the current flows. If 
the average steady-state impedance of the elements which determine the 
relationship between the output voltage and the current is large enough 
to partially determine the relationship between the current and the in-
put voltage, a degenerative effect will be present which will tend to 
linearize the transfer function,.- As the output voltage is proportional 
to this impedance a network with an appreciably nonlinear transfer func-
tion will also have an unavoidably high attenuation,, More amplification 
limj[)kJlXt3i£*£L iGQ_lZUL - — f 1: -_±JL±. 
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would be required in a servo controller because of this attenuation. The 
advantages of increased flexibility and isolation of the input from load-
ing effects of the network can be obtained by incorporating the additional 
gain into the nonlinear network to make it an active network. 
An active network to generate a nonlinear voltage transfer function,--A 
block diagram of the nonlinear function generator is shown in Figure 1. 
The comparator adjusts the current, i, to make the voltage, ^ r ef e r e n c e> 
equal to the input voltage. If the reference voltage is related:to the 
current by 
reference 1 ' ' 
and if the output voltage is related to the current by 
• W i t - f 2 ( l ) ' (3) 
then the output voltage will be related to the reference voltage by 
Voutput = f 2 f3 reference^ ' ^ 
where f -> 
^reference ̂  is the 
inverse of f-,(i) and relates the current to 
the reference voltage. . 
As the circuit from the input to the reference voltage terminals 
is basically a unity gain amplifier, the linearizing effect of the large 
amount of negative feedback will cause the reference voltage to closely 
approximate the form 
Kn V. + K0 1 in 2 (5) 
Output 
Amplifier to remove common 
mode components and to 





Figure -1. Block Diagram of Nonlinear Function Generator 
I iVliL^li^iFjfl£jLi!JkliijLwj_LLAi_ 
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where K_ is nearly unity and Kp is very small. Provision of an adjust-
ment to set the output voltage to zero for zero input voltage should 
make the accuracy of the circuit adequate for control system use even 
if the comparator has relatively low gain. 
Circuits used to implement active portion of the function generator.—A 
circuit diagram of the comparator and the source of Figure 1 is given 
in Figure 2a. In this circuit one terminal of the. source is common to 
one terminal of the reference voltage. To permit the reversal of the 
output voltage while preserving a.single-ended form of circuit the d-c. 
voltage level at point "2" is maintained at approximately 125 volts. 
•The direction of current flow in the circuit then depends on whether 
the voltage at point "l" is less than or greater than 125 volts. The 
voltage dividers in the grid circuits of the 6SL7"balanced amplifier 
are needed to permit the grids of the tube to operate at lower potentials 
than the plates. The variable resistance, in the voltage divider con-
nected to point "3" permits adjustment for differences in the resistance 
ratios of the two dividers. 
There are two possible sources of error: (l) the loading effect 
of the voltage divider in the reference voltage circuit, and (2).the d-c. 
voltage level introduced in the input voltage by current flow from the 
125 volt source through the potentiometer used to adjust the input 
voltage level. • Two means are used to minimize the loading effect of 
the voltage divider: (l) making its resistance high with respect to 
the resistance levels in the network, and (2) providing an adjustment to 
set the direct-current voltage level at point "3" (which prevents current 
flow to ground through the nonlinear network due to the constant 125 volt 
0.5 Meg 200K 
rf , i , 
I Nonl inear | ^ 











To output of nonlinear network 
Figure 2b „ Circuit of Output Amplifier for 
Nonlinear Function Generator 
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potential). Figure 3a shows the circuit used to provide this adjustment. 
The circuit used to eliminate the undesired d-ca voltage level in the in-
put voltage is quite similar, as is shown in Figure 3"b °. Current flow 
from the 3̂ 5 volt source is used to cancel that from the 125 volt source 
so that there is no voltage between points "a" and "b" except that caused 
by the' input signal. 
Characteristics of the function generator.--Figure h and Figure 5 show 
the two basic functions produced by the function generator. A wide 
range of functions can be obtained by the addition or subtraction of a 
linear component at the output of the function generator and by the use 
of series and shunt resistances to modify the characteristics of the 
thyrite at large and small signals, respectively. The linear term of 
approximately 0ohk volts per volt evident in the functions of Figures k 
and 5 is due to the loading of the nonlinear networks by the circuits 
of the function generator. A linear term within the function generator 
is desirable as the circuit will be unstable if f-i(i) of equation (2) ; 
has zero or negative slope at any point. 
The possible functions that could be obtained from the two basic 
functions of Figures k and 5 by adjustment of the linear term may be 










Figure 3. Output and Input d-c. Level Adjustments 
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Basic system construction.—The experimental system is shown in Figure 6. 
Standard components have "been used wherever possible. In the usual sys-
tem of this type employing synchros as error detectors and an amplidyne 
for the major part of the power amplification the signal would "be kept 
in a-c. form until the stage proceeding the amplidyne to avoid the need 
for several stages of direct-coupled amplification. In the system used 
here, however, the phase sensitive detector directly follows the control 
transformer to provide a d-c. signal to the nonlinear function generator. 
Although the linear portions of the system are characterized "by the 
roots obtained from open loop frequency response measurements, the charac 
teristics of the individual components must be examined to determine the 
types of signals in each part of the system. Characteristics of the 
basic system components are listed in Appendix I. 
Experimental procedure.--The circuits used to measure the characteristics 
of the experimental system are shown in Figure 7- The error voltage and 
the permanent-magnet tachometer output voltage were recorded on parallel 
channels of a Sanborn recorder for all measurements. A paper speed of 
one hundred millimeters per. second was used for all step response tests, 
and a speed of ten millimeters:per second was used for all velocity lag 
error measurements. The error channel was calibrated in terms of the 
error angle:to remove the effect of the sinusoidal variation of error 
voltage with error angle introduced by the synchros. 
x-. y 
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Figure 6. System with Nonlinear Gain and Nonlinear Tachometric Feedback 
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Figure 7« Measurement Circuit for Nonlinear Systems 
ZEllkJLliJLJiItlJlJtiI3ai2ZlL; 
Step inputs were simulated "by closing the loop with an initial 
error present. As the input position was fixed, the permanent magnet 
tachometer output voltage was proportional to the derivative of error. 
For steady velocity input signals the system input control trans-
former was replaced "by a control transformer driven by an adjustable-
speed drive. 
Nonlinear system with constant gain and tachometric feedback decreasing 
with: increas ing error.—Figure 8 shows the locus on the B versus B 
chart which describes this system. The downward motion of the locus for 
large error is caused by the sinusoidal variation of the synchro output 
voltage with angle. For comparison, the locus of a nearly linear system 
having the same M point for zero error is also shown. The points on the 
loci are spaced at intervals of five degrees of error. The error voltage 
used to drive the wound tachometer was weighted by the nonlinear function 
of Figure k to cause the tachometric feedback to decrease more rapidly 
with large error than with small error. 
The velocity lag error of the system with, and without, the non-
linear tachometric feedback is shown in Figure 9» The increase in 
slope of the curve for the nearly linear system for values of error 
greater than 25 degrees is due to the effective reduction of gain at 
large angles caused by the sinusoidal characteristic of the synchros. 
The lower curve shows the effect of the nonlinear tachometric feedback. 
The nonlinear tachometer has no detectable effect at velocities of 1«5 
radians per second or less but reduces the velocity lag error for all 
velocities above 1.5 radians per second. At a velocity of 7*0 radians 
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Figure 8. Loci on B Versus B-. Chart for Constant Gain System With, 
and Without. Nonlinear Tachometric Feedback. 











per second the velocity lag error is only kQ per cent of that of the 
nearly- linear system. At high velocities the error is large enough to 
cause the locus to cross the £ = 0 curve and the system oscillates 
about the input velocity with an amplitude that increases with velocity. 
The step response of the system with,and without,the nonlinear 
tachometric feedback is shown in Figure 10. A step of k$ degrees is 
used for the comparison as the effects of the nonlinear tachometer are 
greater for large errors. The nearly linear system is overdamped. The 
nonlinear tachometric feedback allows a higher velocity to be attained 
and results in an initial overshoot of Ik degrees. Figure 11 shows the 
output waveforms for step inputs. The nonlinear tachometer causes the 
system to respond more rapidly to large inputs. The rise time is limited 
to a maximum of 100 milliseconds for step inputs of V? degrees or less 
while the initial overshoot increases with the size of the step to 
Ik degrees for a V? degree step. 
Nonlinear system with saturation on gain and tachometric feedback de-
creasing with increasing error.—Figure 12 shows the locus on the In-
versus B-, chart which describes this system. Figure 5 shows the transfer 
function of the nonlinear gain in the error channel and Figure h shows 
the weighting function used to drive the wound tachometer from the error 
voltage. These two nonlinear characteristics are evident in the vertical 
and horizontal spacing of the points on the locus. 
The velocity lag error as a function of velocity is shown in 
Figure 13• The error is very nearly a linear function of velocity as the 
r 
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Feedback 
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in error caused "by the increase in the positive tachometric feedback at 
large errors. The system is stable over the full range of velocities 
which the motor can provide within its ratings because the downward 
motion of the M point due to the saturation characteristic prevents the 
decreased tachometric feedback from causing the locus to cross the 
± = 0 curve. . 
Figure 1*4- shows the step response of the system for a 1+5 -degree 
step. The response of the system to smaller steps is similar. Figure 
15 shows the output waveforms for.step inputs. The overshoot increases 
from 28 per cent for a 5»0 degree step to 36 per cent for a 25 degree 
step but then remains less than 37 per cent for steps between 25 and 1+5 
degrees being 3*+ per cent for a 35 degree step. 
29 
E 
Figure 14. Response of Nonlinear System;to 45 Degree Step Input 
(The points are at 50 millisecond intervals) 
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The inclusion of nonlinear function generators in an automatic 
control system permits system characteristics to be made dependent on 
signal magnitudes within the system, A function generator based on the 
i 
nonlinear characteristics of thyrite can generate functions of use in 
control systems. 
The use of a nonlinear function obtained by the use of a thyrite 
resistor to reduce the tachometric feedback at an increasing rate with 
increasing error permitted the reduction of the maximum.velocity lag 
error. At the same time this caused less increase in the overshoot and 
settling time than would be caused by fixed adjustment of the tacho-
metric feedback for the same maximum velocity lag error. 
The use of nonlinear functions obtained by the use of thyrite 
resistors to cause saturation of the gain for large values of error 
and reduction of the tachometric feedback at an increasing rate with 
increasing error permitted the experimental system to have high gain 
for low error to provide good steady-state accuracy and resistance to 
load torques. At the same time it prevented the large maximum velocity 
lag errors usually caused by saturation characteristics. 
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CHAPTER V • 
RECOMMENDATIONS 
The system examined in this paper used thyrite resistors only to 
modify the magnitudes of system quantities. The use of thyrite resistors 
in resistance capacitance compensation networks would permit time con-
stants to be functions of signal magnitudes and might be of use in some 
applications. 
APPENDIX I 
. CHARACTERISTICS GF BASIC LINEAR PORTION OF SYSTEM 
- / ' 
Error detector.--The pair of synchros used as an error detector had an 
output of 52 volts for an error of 90 degrees, and an output of approxi-
mately one volt per degree for small error when the input voltage was 
115 volts. The carrier frequency was 60 cycles per second. 
Phase sensitive detector.--The circuit diagram of the phase sensitive 
detector is shown in Figure l6. The output voltage was one volt direct 
current per rms volt input for a reference voltage of 60 volts rms. 
Direct current amplifier.--The circuit diagram of the direct current 
amplifier used to drive the amplidyne is shown in Figure 17. As the 
units which drive this amplifier are all electrically isolated, series 
inputs rather than a parallel summing network were used. Comparison 
of the amplifier transfer function in Figure 18 with that of the 
amplidyne in Figure 19 shows the amplifier to "be linear over the range 
required to drive the amplidyne. 
Amplidyne.--A General Electric Amplidyne Motor Generator was used for 
the major portion of the power amplification. The transfer function 
curve of the machine is shown in Figure 19. The curve shown is reduced 
in scale from one drawn by hand over several curves made by an X-Y-

































Figure 17. System Amplifier 
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Figure 18. Transfer Function of System Ampli-
fier 
36 








10 15 20 25 30 35 ^0 
Figure, 19v: liDransf er. Function* of Atfiplidyne 
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Name plate data for the machine is reproduced "below. 
Input voltage 78/HO dc. 
Amperage . 9 / 6 * 5 
r. p. m. 38OO/5OOO 
Output , 250 volts, 1 ampere. 
Tachometers.--Two tachometer generators were used in the experimental 
system. A permanent magnet tachometer having an output of 0.0735 volts 
per radian per minute referred to the synchro shaft was used to produce 
a voltage proportional only to velocity. A tachometer with a wound 
field was used to produce an output porportional to the product of 
velocity and the quantity used to control the field current. Figure 21 
shows the combined transfer function of the tachometer and the amplifier 
used to drive its field. The increase in gain of the amplifier for 
large signals tends to cancel the effect of saturation in the tachometer. 
The circuit diagram of the amplifier used to drive the tachometer is 
shown in Figure 20. 
Frequency response measurements.--To determine the transfer function of 
the linear components of the system, a sinusoidal test signal was used 
to measure the open loop gain as a function of frequency. The circuit 
usually used for this type of measurement is shown in Figure 22. A 
diagram of the experimental set-up showing the modifications required 
to overcome experimental difficulties is shown in Figure 23. As slight 
variations in component characteristics caused a drift of the output 









3 300 -watt 




(The vacuum tube is six parallel 6AS7& tubes with individual 
ten ohm: plate and 1500 ohm grid resistors.) 
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Figure 23. Experimental Frequency Response Test Set-Up 
provide stability. The resulting system was then a closed loop system 
whose characteristics were an approximation to the desired open loop 
characteristics. As the carrier frequency for the synchro error detec-
tors was sixty cycles per second, some difficulty was caused by stray 
voltages picked up from the power lines and other equipment. These 
stray voltages caused a shift;in the system reference position. The 
effect of this shift of reference position was compensated for by the 
use of a separate control transformer for measurement of the output 
signal to allow adjustment of the output reference position despite 
the effect of the feedback used to provide stability. Although the 
adjustment of reference position could have been made by adjustment 
of the shaft position of the output control transformer, it was found 
more convenient to.lock this shaft and obtain the necessary displace-
ment by the use of a differential generator which had a geared-down 
dial to permit smooth adjustment. 
Measurement procedure.--To measure the response of the system to a 
sinusoidal variation of input position, it was necessary to supply a 
signal to the phase sensitive detector of the same type as would be 
generated by a sinusoidal variation of the input shaft. The required 
signal is a double-sideband suppressed-carrier-modulated signal. This 
test signal was produced by the circuit shown in Figure 2h. The output 
signal is shown in Figure 25. The modulation frequency was determined 
for each measurement by measurement of the angular velocity at point 
"a" with a Jaquets Indicator. Input and output voltages were measured 
with a Hewlett-Packard Model ^00-D vacuum tube voltmeter. The voltages 
To adjustable 















Tests ignal Output 
The 1800 rpm speed of the synchronous motor is subtracted from 
the speed of the d-c motor so that, the d-c motor will not he required 
to operate at extremely low speeds. 
The modulation frequency is equal to the speed in rpm at point 
"a" minus l800 divided by 8 TT x 60. 
Figure 2k. Circuit to Generate Sinusoidal 























Figure 25. Modulation Patterns 
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recorded are rms values for the modulated wave except at extremely low 
frequencies. The rms value of the carrier at the peak of the modulation 
waveform was recorded for these frequencies. In each case, the synchro 
differential generator was adjusted to place the output zero reference 
position at the center of the sinusoidal variation. The correct reference 
position was determined by the appearance of a double sideband suppressed 
carrier modulation pattern on the oscilloscope used to monitor the out-
put. Figure 25a shows the correct modulation pattern. 
The frequency response curve.--Figure 26 shows the gain of the system as 
a function of frequency. This curve is plotted from the data in Table 2 
and applies to the system shown in Figure 23 with test conditions as 
given in Table 1. As the amount of negative feedback used was only two 
per cent, the measured frequency response is a close approximation to 
the true open loop characteristics of the system. At frequencies below 
0.©9 radians per second, the velocity of the system was low enough to 
permit static friction, to arrest the motion of the output shaft until 
the error increased to a value sufficient to produce enough torque to 
overcome the friction. These /nonlinear friction effects limited the 
motion of the output shaft at low velocities and caused a flattening of 
the frequency response curve at the low frequencies. Figure 25b shows 
the effect of this limiting on the modulation pattern. 
Open loop gain function.--The open loop gain function was obtained from 
the frequency response data by the asymptotic procedures given in 
references (6) and (7)» The low frequency asymptote was started at a 
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Table 1. Test Conditions for Frequency Response Measurements 
Negative feedback: 1.0 volts rms for an error of 90 degrees 
Output voltage: 26 volts rms for an error of 90 degrees 
Signal voltage: 1.0 volts rms for an angle of 90 degrees between 
the signal control transformer and the generator 
which drives it. 
1*9 
direct-current shunt motor should cause a pole at the origin and that 
the flattening of the frequency response curve at .low frequencies was 
due to nonlinear friction effects. The function obtained, 
K 
G ( s ) = s(s • + .0.215) (s +0.^3) 
(6) 
should accurately represent the variation of the gain with frequency as 
"both of the two higher frequency poles, are -above- the region of un-
certainty caused "by the nonlinear friction. As K , should "be a con-
stant, the range of variation of the values obtained "by substituting 
the measured values of gain into the gain function gives a measure of 
the accuracy of the approximation. Figure 26 shows the variation of 
K , • with frequency for the frequency range from 0.1 radian per second 
to 1.5 radian per second. 













Figure 27. Variation of K, with Frequency in 
Equation (6) 
(This variation includes experimental error and 
the inaccuracy of the approximation.) 
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APPENDIX II 
DESIGN CONSIDERATIONS FOR NONLINEAR CHARACTERISTICS OF SYSTEM 
Choice of design methods.--In the experimental system nonlinear function 
generators are used to cause the gain and the tachometric feedback to 
vary as functions of the error magnitude. A method of design or analysis 
must show the effects of continuous variation of these quantities in a 
form which may readily be related to the response characteristics of the 
system. Mitrovic's method (8) (9) is useful in this case as it defines 
the characteristics of the system in terms of the location of a point, 
the M point, with respect to a set of curves, the B versus B curves. 
For the case in which the open loop transfer function has no zeros, the 
B versus B-. curves are independent of the gain and the tachometric 
feedback, and the motions of the M point in the B .and B_ directions 
' O 1 ; 
are determined independently by the gain and the tachometric feedback 
respectively. One zero in the transfer function will not affect the 
B^ versus B v curves but will cause the gain to affect both the B and o 1 & o 
the B-, coordinates of the M.point. . If the transfer function has more 
than one zero, the B versus B.. curves would be altered by changes in 
the gain, and the use of Mitrovic's method for a system with varying 
gain and tachometric feedback would require excessive calculations. 
The accuracy with which Mitrovic's method can be applied to a 
nonlinear system is dependent upon the accuracy with which consideration 
of only the fundamental component of a nonsinusoidal waveform describes 
the -system .(.10). The frequency response characteristics of the linear 
components of the experimental system strongly attenuate high frequency 
components, and the symmetry of the nonlinear functions a'bout the origin 
insures that only odd harmonics will "be generated. As there are no 
sharp breaks in the functions used, the higher frequency components 
should "be of small' magnitude. It may "be assumed' from these considera-
tions that Mitrovic 's method will accurately descri'be the characteristics 
of the experimental system. . ^ 
Design considerations.--As all of the poles of the open loop transfer 
function are on the negative real axis, the most practical linear means 
of modifying the system characteristics would "be the use of resistance-
capacitance compensation networks (ll). The transfer function of the 
uncompensated system has "been taken as the starting point here,-however, 
to evaluate the effect of modification of the system by the inclusion 
of nonlinear elements. - In addition to the examination of loci for the 
M point on the B versus B_ curves to determine the variation of system 
characteristics with error magnitude, consideration of the characteris-
tics of the uncompensated system is of value in the choice of functions 
to determine the motion of the M point along the loci. 
Although the -pole at the origin in the open loop gain function 
indicates that the system should have zero steady state error, nonlinear 
friction effects at low velocities cause error in the form of a dead 
zone which can be reduced by an increase in the gain. 
Physical characteristics of- the components limit the signal levels 
which can effectively be used. The signal level at the input of a 
53 
component should not greatly exceed the value required %o drive it to 
full output to avoid the possibility of a temporary loss of effectiveness 
of the component due to overload. 
The requirements of high gain for small error and limited signal 
magnitude can "be satisfied "by the use of a saturation characteristic in 
the error channel. A saturation characteristic would result in a velocity 
lag error Which would increase at a greater than linear rate with velocity 
and would require the use of separate compensation to prevent,the velocity 
lag error from becoming excessive. 
Velocity lag error can he reduced "by the use of positive tacho-
metric feedback to provide part of the voltage required to drive the 
system at the input velocity. To reduce the effect on the overshoot, the 
tachometric feedback may be made a function of the error so that the 
damping is reduced only for large error. For any function,.: however, 
there will he some increase in the overshoot because of the higher 
velocity attained by the system while operating in the lightly damped 
region. 
Loci on the IL versus Bn chart.—The B versus Bn curves determined from _____ _1 o 1 
the open loop gain function are shown in Figure 28. The effects of making 
the gain a function of error can he determined "by examination of the 
motion of the M point along a locus of constant Bn. Such a locus would 
be a vertical line on the B versus B chart in Figure 28. If the tacho-
metric feedback is made a function of error the resulting locus Will be 
a line of constant B . This locus would be a horizontal line on the 
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Figure 28. B Versus Bn Curves. o 1 
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the gain and the tachometric feedback functions of error. The-possible 
loci are examined separately to determine their value for the experi-
mental system. 
Vertical loci.--Decreased damping for large error may be obtained'by 
causing the gain of the system to increase with error. The function 
chosen to relate the gain to the error would determine the rate at 
which the M point moved along the :locus. Requirements of low steady-
state error would make such a locus undesirable for a type zero control 
system or systems of type one or higher which have excessive static 
friction. The reduced gain for small error would also permit load 
torques to cause larger errors. Although a system with this gain 
characteristic would have a larger velocity lag error at low velocities 
than a system with a fixed M point and similar overshoot for large step 
inputs, the error would increase more slowly with velocity. 
Horizontal locus.--As the lines of constant damping on the B versus 
B-j chart have a large slope for most values of B., a horizontal locus 
will provide a greater change of damping than a vertical locus unless 
extremely low gains are used and B.. is less than 0.3. For high gains, 
a horizontal locus might permit the M. point to move to the left of the 
5 = 0 curve and cause instability. 
General loci.--For applications where the slight increase in complexity 
is permissible, adjustment of both the gain and the tachometric feed-
back with error will permit a wider range of response characteristics 
to be realized. A greater variation in the location of the M: point is 
lUllliU ̂  JLI I Jli IILLllLll!lLi-UL 
possible as the combination of vertical and horizontal position may vary 
over a vider range in either coordinate if a corresponding shift is made 
in the remaining coordinate to preserve stability. 
Effect of tachometric feedback on the B. coordinate.—The B coordinate 
of the M point is the coefficient of the S term in the characteristic 
equation of the system. 
ab b 
u w S(S + 0.215)(S +0.83) ~;Vr 
S3- + 1.045 S2 + 0.1785 S V, = K , V 
b ab a 
At constant velocity, 
0.1T85 s y t = K a i v a . 
With tachometric feedback a new voltage, 
V = V + V+ .. a a tach 
will be required to maintain a given S :V™ . 
0.1785 s v b = K ^ , ( v a - V t a c h ) 
K-, • S .V-. = K . V f b ab a 
K v K+ v 
v - "r a 
tach " . O.I785 
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K, = 0.1785 
K. - K. V 
•sib t a 
O.I785 + .V 
V 
K • = 0.1785 t Kt Kab 
K = Tachometer output voltage per radian per second 
velocity referred to the synchro shaft. 
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Table 3« Calculated Points for B versus B.,:Curves 
(continued) 
5 = 0 . 2 9* ± = -1.0 9*2 = 0.4 $*_ = 0.84 
B = 1.045 UJ2 - 0 . 4 U J 3 ' 
0 n n 
BT - 0 . 4 l8u j + 0 . 8 4 U J 2 
1 n n 
W n 
0.00 0.0 x l O J .0 .0 
0.05 2 . 6 0.023 
0.10 10 .1 0.050 
0.15 22.3 0.082 
0.20 38.8 0.117 
0.25 5 9 . ^ 0.157 
0.30 83 .7 0 .201 
0.35 . 112. .0.250 
0.40 142. O.302 
0.45 177. 0.359 
0.50 213. 0 .419 
0.55 252. 0.484 
0.6© 292. 0.553 
0.65 330. O.627 
0.70 378. O.705 
0.75 422. 0.787 
0.80 467. O.872 
0.85 483. 0.962 
0.90 558. 1.06 
(continued) 
Table 3 . Ca lcu la ted Po in t s fo r B versus B "Curves J o 1 
(cont inued) 
? = 0.3 ^ 1 = - i . o . ^ 2 = o.6 ^ 3 = o.64 
B = 1.045 u*2 - 0.6 CJ 3 
0 n n 
: Bn = 0.627 00
 2 + 0.64 W 2 
1 n n 
W n Bo 
; _i_ 
0 . 0 0 0 . 0 x 10 J ; 0 . 0 
0 . 0 5 2 . 5 0 . 0 3 2 
0 . 1 0 -9-9 0 . 0 6 9 
0 . 1 5 2 1 . 6 0 . 1 0 8 
0 . 2 0 3 7 . 2 0 . 1 5 1 
0 . 2 5 5 6 . 2 0 . 1 9 7 
0 . 3 0 7 8 . 3 0 . 2 4 6 
0 . 3 5 1 0 3 . 0 . 2 9 8 
• 0 . 4 0 1 3 0 . 0 . 3 5 3 
0 . 4 5 1 5 8 . 0 , 4 l 2 
0 , 5 0 1 8 7 . O.474 
0 . 5 5 2 1 8 . 0 . 5 3 9 
0 . 6 0 2 4 8 . 0 . 6 0 6 
0 . 6 5 2 7 9 . 0 . 6 7 8 
0 . 7 0 3 0 9 . 0 . 7 5 3 
0 . 7 5 3 3 8 . . . 0 . 8 3 1 
0 . 8 0 3 6 5 . 0 . 9 1 1 
0 . 8 5 3 9 1 . 0 . 9 9 6 
0 . 9 0 4 2 3 . 1 .08 
0 . 9 5 4 3 3 . 1 .17 
1 .00 4 4 5 . 1 .27 
1 .05 4 6 4 . 1 .36 
( c o n t i n u e d ) . 
-ft-
Table 3« Calculated Points for B versus B Curves 
(continued) 
,? = 0.4 & 1 = -1.0 0g =,0.2 ^ 3 = 0.36 
BQ = 1.045 U ) ^ -'0.8-u)^. 
B^ = O.836 c n̂. + O.36u)^ 
0.00 ,0.0 x 10 J 0.0 
0.05 2 .5 0.043 
0.10 8 .7 0.087 
,0.15 20.9 0.134 
0.20 35.6 0.182 
0.25 5 3 . 1 0.232 
0.30 72.9 0.283 
0.35 94.7 : 0.337 
. o.4o ..• 117. 0.392 
0.45 . i 4 o . 0.449 
0.50 163. 0.508 
.0.-55 185. 0.569 
0.60 205. 0 .631 
0 .65 - 224. 0.696 
0 .70 2 4 l . 0.762 
0.75 254. 0.830 
0.80 262. 0.900 
0.85 268. 0 .971 
0.90 267. L 0 4 
0.95 262. 1.12 
1.00 245. 1.20 
1.05 222. 1.27 
(continued) 
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Table 3» Calculated Points for B versus B., Curves 
(continued) , ' 
£= .Q.8 &1 = 1.0 ^ 2 = 1.6 $ = - I .56 
Bo = 1 . 0 4 5 w ^ 1 . 6 ^ 3 
:.Bn = 1.68 OJ
 2 - 1.56<o2 
1 n - n 
0.00 0 .0 ,0.0 
0.05 2 .4 0.080 
0.10 8.9 0.152 
0.15 18.2 0.217 
0.20 29.2 Q.274 
0.25 40,6 0.323 
O.3O 51 .3 0.364 
0.35 60.4 0.397 
o.4o 65.6 0.422 
0.45 67 .2 o.44o 
0.50 62.5 0.450 
0.55 51.0 0.452 
. 0.60 32.0 0.446 
0.65 4.0 - 0.433 
0.70 -34 .5 0.412 
(continued) 
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.Table 3« Calculated Points for B versus Bn Curves 
o 1 
$ =-1.0 $2^ = 1.0 9*2 = 2.0 £ . =-3 
B = l.Qi+5 CJ 2 - 2.0 U J 3 
0 n n 
Bn = 2.09 oo
 2 - 3.0W 2 




n o 1 
0.00 0.0 .0.0 
0.05 2.4 0.097 
o. io 8.5 0.179 
0.15 l6 .9 0.246 
0.20 26.0 0.298 
0.25 3^.5 0.335 
0.30 4o.5 0.357 
0.35 ^3.2 0.364 
o.4o 4o.o 0.356 
0.45 30.8 0.333 
0.50 12.5 ' 0.295 
0>55 -14.0 0.242 
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